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FRACTIONAL SCHRODINGER-POISSON SYSTEMS WITH A 
GENERAL SUBCRITICAL OR CRITICAL NONLINEARITY 


JIANJUN ZHANG, JOAO MARCOS DO 6, AND MARCO SQUASSINA 

Abstract. We consider a fractional Schrodinger-Poisson system with a general nonlinearity in 
subcritical and critical case. The Ambrosetti-Rabinowitz condition is not required. By using 
a perturbation approach, we prove the existence of positive solutions. Moreover, we study the 
asymptotics of solutions for a vanishing parameter. 


1. Introduction and main result 


We are concerned with the fractional nonlinear Schrodinger-Poisson system 

{—Ayu + X(j)u = g{u) 

(-A)V = A«2 


( 1 . 1 ) 


in 

in 


where A > 0, (—A)“ is the fractional Laplacian operator for a = s,t & (0,1)- The fractional 
Schrodinger equation was introduced by Laskin [28] and arose in fractional quantum mechanics 
in the study of particles on stochastic fields modeled by Levy processes. The operator (—A)“ can 
be seen as the infinitesimal generators of Levy stable diffusion processes [2]. If A = 0, the system 

(1.1) reduces to the nonlinear fractional scalar field equation 

(1.2) (—A)^u = g{u) in 

This equation is related to the standing waves for fractional scalar field equation 

(1.3) i4't - {-Ay4> +g{(p) = 0 in 

which is a physically relevant generalization of the classical NLS. For power type nonlinearities 
the fractional Schrodinger equation was derived by Laskin [28] by replacing the Brownian motion 
in the path integral approach with the so called Levy flights, see e.g. [29]. So, the equation we 
want to study presents first of all as a perturbation of a physically meaningful equation. Also, 
in [21,22] the author obtained deep results about uniqueness and non-degeneracy of ground states 
for (1.2) in case g{u) = \uy~‘^u — u for subcritical p. See also [33] where the soliton dynamics 
for (1.3) with an external potential was investigated. In [24], the author studies the evolution 
equation associated with the one dimensional system 


(1.4) 


—Art -|- X(j)u = g{u) in 
(—A)*(/) = Xv? in 


In this case the diffusion is fractional only in the Poisson equation. Our system is more general 
and contain this as a particular case. If }Ca{x) = in [20] the following equation is studied 

V—An + u = (/C 2 * \u\‘^)u, u G R^/^(M^), n > 0, 
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and in [19] it is shown that the dynamical evolution of boson stars is described by the nonlinear 
evolution equation 

idt^J = \/—A + — {JC 2 * (w- > 0) 

for a field ip : [0,T) x —)• C (see also [23]). The square root of the Laplacian also appears in 
the semi-relativistic Schrodinger-Poisson-Slater systems, [ 6 ]. See also the model studied in [15]. 
Observe that, taking formally s = t = 1, then system (1.1) reduces to the classical Schrodinger- 
Poisson system 


( —Au + \(j)u = g{u) in 
( —A(j) = Xv? in M^. 


It describes systems of identically charged particles interacting each other in the case where 
magnetic effects can be neglected [7]. In recent years, the Schrodinger-Possion system (1.5) has 
been widely studied by many researchers. Here we would like to cite some related results, for 
example, positive solutions [10], ground state solutions [3], semi-classical states [16], sign-changing 
solutions [25]. See also [1] and the references therein. In [4], Azzollini, d’Avenia and Pomponio 
were concerned with (1.5) under the Berestycki-Lions conditions {H2)-{HA) with s = 1. The 
authors proved that (1.5) admits a positive radial solution if A > 0 small enough. For the critical 
case, we refer to [36] and a recent work [38] of the authors of the present work. 


1.1. Main results. In the present paper, we are mainly concerned with the positive solutions of 
(1.1). First, we consider the subcritical case with the Berestycki-Lions conditions. Precisely, we 
assume the following hypotheses on g: 

(HI) geC^{R,Ry, 

(H2) —00 < liminf ^ < limsup ^ = —m < 0; 

T^o r T-^o T 

{H3) limsup < 0, where 2* = 3 :^; 

r^oo ^ 

{HA) there exists ^ > 0 such that G{p) := ^(r) dr > 0. 

Our first result can read as 

Theorem 1.1. Suppose that g satisfies {Hl)-{H4) and 2t -|- 4s > 3. 

(i) There exists Aq > 0 such that, for every A G (0,Ao), system (1-1) admits a nontrivial 
positive radial solution {ux,4>x)- 

(a) Along a subsequence, {ux,4>x) converges to (u,0) in F7^(M^) x P*’^(M^) as A —)• 0, where 
u is a radial ground state solution of (1.2). 

Remark 1.2. The hypotheses {H2)-{H4) are the so-called Berestycki-Lions conditions, which 
were introduced in [ 8 ] to get the ground state of (1.2) with s = 1. Under {H1)-{H4), X. Chang 
and Z.-Q. Wang [13] proved the existence of ground state solutions to (1.2) for s G (0,1). The 
hypothesis (HI) is only used to get the better regularity of solutions to (1.2), which can guarantee 
the Pohozaev’s identity. By the Pohozaev’s identity, {H4) is necessary. 

Remark 1.3. The hypothesis 2t -|- 4s > 3 is just used to guarantee that the Poisson equation 
{—Aficf) = Xu^ make sense, due to T>*’^(M^) Lfit (R^). For the details, see Section 2 below. 

In [38] , without the Ambrosetti-Rabinowtiz condition, the authors of the present work considered 
the existence and concentration of positive solutions to ( 1 . 1 ) in the critical case for s = t = 1. 
It is natural to wonder if similar results can hold for the critical fractional case. This is just our 
second goal of the present paper. In the critical case, we assume the following hypotheses on g: 
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{H2y lim ^ = —a < 0 ; 

T^-o r 

(i/3)' lim = 6 > 0; 

T^OO ^ 

(HA)' there exists fi > 0 and q < 2* such that g{T) — bT‘^‘~^ + ar > for all r > 0. 

Our second result can read as follows. 

Theorem 1.4. Suppose that g satisfies {HI), {H2)'-{HA)'. 

(i) The limit problem (1.2) admits a ground state solution if max{2* — 2,2} < q < 2*. 

(a) Let 2i + 4s > 3, then there exists Ao > 0 such that, for every A G (0, Aq), system (1.1) 
admits a nontrivial positive radial solution {ux,(p\) z/max{2* — 2,2} < g < 2*. 

(in) Along a subsequence, {ux,(j)x) converges to (u, 0) in H^fR^) x as A —)■ 0, where 

u is a radial ground state solution of (1.2). 

Remark 1.5. In the case s = 1, the hypotheses (ii2)'-(ii4)' were introduced in [37] (see also [5]) 
to obtain the ground state of the scalar held equation — Au = g{u) in In [34], X. Shang and 
J. Zhang considered the fractional problem (1.2) in the critical case (see also [35]). With the help 
of the monotonicity of r i—)• 5 '(r)/r, the ground state solutions were obtained by using the Nehari 
approach. To the best of our knowledge, there are few results in the literature about the ground 
state of the critical fractional problem ( 1 . 2 ) with a general nonlinearity, particularly without the 
Ambrosetti-Rabinowtiz condition and the monotonicity of g{T)lT. Theorem 1.4 seems to be the 
hrst result in this direction. 

Remark 1.6. Without loss generality, from now on, we assume that a = b = p, = 1. 

In the rest of the paper, we use the perturbation approach to prove Theorem 1.1 and 1.4. Similar 
argument also can be found in [38]. 

The paper is organized as follows. 

In Section 2 we introduce the functional framework and some preliminary results. 

In Section 3 we construct the min-max level. 

In Section 4, we use a perturbation argument to complete the proof of Theorem 1.1. 

In Section 5, we give the proof of Theorem 1.4. 

Notations. 

• Ikllp := ( /ir3 |u|Pdx)^^^ for p G [l,oo). 

• 2a := for any a G (0,1). 

• u = J-{u) is the Fourier transform of u. 


2. Preliminaries and functional setting 

2.1. Fractional order Sobolev spaces. The fractional Laplacian (—A)“ with a G (0,1) of a 
function (/> : —)• M is defined by 

. F ((- A)“(/))(0 = | C |'“. F ( 0 )( O , ^£^ 3 , 

where F is the Fourier transform, i.e.. 


= 7 TX 372 / {-2mi ■ x)(f){x) dx, 

(27r)w^ /r3 


i is the image unit. If is smooth enough, it can be computed by the following singular integral 


(-A)“,/.(X) =CaP.V. [ 
Jr- 


4>{x) - (f){y) 
\x — y|3+2» 


dy, X G 
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where Ca is a normalization constant and P.V. stands the principal value. 
For any a G (0,1), we consider the fractional order Sobolev space 



ue 


(M3) : f 1^1 

Ju.3 


up d^ < oo 


endowed with the norm 




1/2 


U\\a 


u G 


and the inner product 


{u,v)a= [ (1 + |^p")u'0d^, u, u G 


iR3 

It is easy to know the inner products on 




u, u i-A Jjj 3 (uv + (—A)"/^u(—dx, 
are equivalent (see [34]). The homogeneous Sobolev space is defined by 


G : |.er« G 


which is the completion of under the norm 



and the inner product 

(u,i;)pa,2 = [ (-A)“/2^t(_A)"/2^dx, u,u G 
Jr3 

For the further introduction on the Fractional order Sobolev space, we refer to [17]. Let 

= {u£ : u{x) = udx])}. 

Now, we introduce the following Sobolev embedding theorems. 

Lemma 2.1 (see [27]). For any a G (0,1), L7“(M^) is continuously embedded into L'^(M^) for 
q G [2,2*] and compactly embedded into for q G [1,2*). Moreover, L7“(M^) is compactly 

embedded into L'?(M^) for q G (2,2*). 

Lemma 2.2 (see [12,17]). For any a G (0,1), P"’^(M^) is continuously embedded into L^“(M^), 
i.e., there exists Sa > 0 such that 



2.2. The variational setting. Now, we study the variational setting of (1.1). By Lemma 2.1 

-A L^2/(3+2L(]^3^ ■£ 2t + 4s > 3. 

Then, for u G L7®(M^), by Lemma 2.2 the linear operator P : P*’^(M^) —>• M defined by 
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is well defined on and is continuous. Thus, it follows from the Lax-Milgram theorem 

that there exists a unique G such that (—= \u^. Moreover, for x G M^, 

(2.1) (piix) := Xct [ ^ dy, 

Jr3 \x - y\'^ 

where we have set 

_ r(i - 2t) 

7rf22ir(t)’ 

Formula (2.1) is called the t-Riesz potential. Substituting (2.1) into (1.1), we can rewrite (1.1) 
in the following equivalent form 

( 2 . 2 ) {-Ayu +X(l)iu = g{u), u e 
We define the energy functional Fa : H‘^{R^) —)• M by 

rA(«) =[ |(-A)^/^u|^dx +^ [ (j)iu^dx- [ G{u)dx, 

^ JR3 4 J^3 J]R3 

with G{t) = jy g(C) dC. Obviously, the critical points of Fa are the weak solutions of ( 2 . 2 ). 
Definition 2.3. 

(1) We call {u,(p) G H^{R^) x P*’^(M^) is a weak solution of (1.1) if u is a weak solution of 

( 2 . 2 ). 

(2) We call u G H^{R^) is a weak solution of (2.2) if 

f ((—A)^/^u(—A)®/^u + dx = [ g{v)v dx,'iv & H^{R^). 

Setting 

?'('«):= 7 / f’Wdx, 

4 Jr3 

then we summarize some properties of (jy,T(u), which will be used later. 

Lemma 2.4. If t,s ^ (0,1) and 2t + 4s > 3, then for any u G H^{R^), we have 

(1) ue^cfi: HyR^) ^ is continuous and maps bounded sets into bounded sets. 

(2) (fuix) > 0, X G and T{u) < cA||u||^ for some c > 0. 

(3) T{u{-)) = r^+^*r(u) for any r > 0 and u G H^{R^). 

(4) If Un ^ u weakly in H^{R^), then cpun weakly in P*’^(M^). 

(5) If Un ^ u weakly in H^{R^), then Tiun) = T{u) + T{un — u) + o(l). 

(6) If u is a radial function, so is ff,. 

Proof. The proof is similar as that in [31], so we omit the details here. □ 


3. The subcritical case 


3.1. The modified problem. It follows from Lemma 2.4 that Ta is well defined on H^{R^) and 
is of class G^. Since we are concerned with the positive solutions of ( 2 . 2 ), similar as that in [ 8 ] (see 
also [13]), we modify our problem first. Without loss generality, we assume that 

0 < ^ = inf{T G (0,oo) : G{t) > 0}, 


where ^ is given in {HA). Let tq = inf{T > ^ : g{T) = 0} G [^, oo], dehne 5 : M ^ M, 


5(t) 


g{T) ifrG[0,To] 
0 ifr > To, 
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and 5 (r) = 0 for r < 0. If u € is a solution of ( 2 . 2 ) where g is replaced by g, then by 

the maximum principle [11] we get that u is positive and u{x) < tq for any x G i.e., u is a 
solution of the original problem (2.2) with g. Thus, from now on, we can replace g by g, but still 
use the same notation g. In addition, for r > 0, let 


gi(r) = max{ 5 r(r) +mr, 0 }, g 2 {T) = 51 (r) - ff(r), 
then 52 (t) > rnr for r > 0 , 

(3.1) 


lim #2 = 0, 

T—>-0 T r->-+oo 


and for any e > 0 , there exists Cg > 0 such that 

(3.2) 51 (r) < e52(T) + r > 0. 

Let Gi{u) = gi{T)dT,i = 1 , 2 , then by (3.1) and (3.2) for any e > 0 there exists > 0 such 
that 


(3.3) 


G'i(r) < eG 2 (r) + t G 


3.2. The limit problem. In the following, we will find the solutions of (2.2) by seeking the 
critical points of T;^. If A = 0, problem ( 2 . 2 ) becomes 

(3.4) (-A)# = 5 (u), u G //"(M^), 

which is referred as the limit problem of (2.2). We define an energy functional for the limiting 
problems (3.4) by 

L{u) = - [ \{-Ay/\\^dx- [ G{u) dx, ueHym^). 

2 Jr3 Jm.3 

In [13], X. Chang and Z.-Q. Wang proved that, with the same assumptions on 5 in Theorem 1.1, 
there exists a positive ground state solution U G Ll)](M^) of (3.4). Moreover, each such solution 
U of (3.4) satisfies the Pohozaev identity 

(3.5) j \{-Ay/^U\^dx = 2> ! G{U)dx. 

2 Jr3 Jr3 

Let S be the set of positive radial ground state solutions U of (3.4), then S y 4> and we have the 
following compactness result, which plays a crucial role in the proof of Theorem 1.1. 

Proposition 3.1. Under the assumptions in Theorem 1.1, S is compact in 

As shown in [9], for general s G (0,1), we do not have a similar radial lemma in So the 

Strauss’s compactness lemma(see [ 8 ]) is not applicable here. Before we prove Proposition 3.1, we 
start with the following compactness lemma, which is a special case of [13, Lemma 2.4.] 


Lemma 3.2 (see [13]). Assume Q G (^(M,]^) satisfy 

Ita #1 = lim #1=0, 

and there exists a bounded sequence C for some v G L^(M^) with 

lim Q(un(x)) = v(x), a.e.x G 
n—>-oo 

Then, up to a subsequence, we have Q{un) v strongly in L^(]R^) as n —)• 00 . 
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Proof of Proposition 3.1 Let C S and denote by E the least energy of (3.4), then for any 

re, Un satishes L{un) = E and the Pohozaev identity (4.5), which implies that 

E = ^ [ |(-A)''/^re„p dx and [ G{un) dx = ^ E. 

3 Jk3 Is 

Obvionsly, {||(—A)^/^re„|| 2 } is bounded. It follows from Lemma 2.2 that {||re,i|| 2 j} is bounded. 
By (3.3), as we can see in [8], {Hrenlb} is bounded, which yields that {un} is bounded in P[f{M.^). 
Without loss generality, we can assume that there exists uq € i7*(]R^) such that Un —)• reo weakly 
in strongly in L'J(R^) for q e (2,2*) and re„(x) —)• reo(x) a.e. x € M^. 

In the following, we adopt some ideas in [8] to prove that Un —)• uq strongly in Lf®(R^). For 
u G let 

'^(^) ='X [ |(—A)^/^rep dx and I4(re) = f G{u)dx, 

3 Jm.3 Jr3 

then, we know Un is a minimizer of the following constrained minimizing problem 


inf I J(re) : u G = 

By (3.1) and Lemma 3.2, we get that 


3 - 2s 


2s 


-E 


lim / Gi{un) = / Gi(reo). 
Jr3 Jr3 


Then by the Fatou’s Lemma, V{uo) > ^-^E, which implies that uq ^ 0. Meanwhile, it is 
easy to know that Jiun) < E. Similar as that in [81, we know that ren satisfies Jiun) = E and 
Vino) = ^E. It yields that 


lim / G 2 {un) = / G 2 (reo). 
iR3 Jr3 


By the Fatou’s Lemma, we know ||rert||2 —)• ll^tolb as re —)• oo. Thus, Un —)• uq strongly in 
The proof is completed. 

3.3. The minimax level. Take 1/ G S', let 

Ur{x) = U{-),T>0, 

T 

then by the definition of 17 = E{U), we know U{-) = T^U{t-). Then 

[ \{-Ay/^Ur\‘^dx = 

7r3 

By the Pohozaev’s identity, 

= ( 2 6 

Thus, there exists tq > 1 such that L{Ur) < —2 for r > tq. Set 


□ 


f |C|^117(-)p = / \{-Ay/'^U\^dx. 

7r3 t Jr3 


r3-23 3 _ 2s 


) f \{-Ay/^u\y 

’ JR3 


Dx = niax FA(17.r)- 

TG[0,ro] 

By virtue of Lemma 2.4, FA(17r) = L{Ur) + 0(A). Note that max.,-g[o^ro] L{Ur) = E, we get that 
Dx E, as X ^ 0'^. 

Moreover, similar to [38], we can prove the following lemma, which is crucial to define the 
uniformly bounded set of the mountain pathes(see below). 
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Lemma 3.3. There exist Ai > 0 and Cq > 0, such that for any 0 < A < Ai there hold 
TaCC^-o) <-2, \\Ur\\s<Co, VTe(0,To], ||tt|U<Co, Vtt e S'. 

Now, for any A € (0, Ai), we define a min-max value Cx: 

Cx= inf niax rA( 7 (r)), 

7GTx tG[0,to] 

where 

Ta = {7 G C{[0,to],H^{R^)) : 7 ( 0 ) = 0,7(to) = Uro, ||7(t)I|6 <Co + 1,t e [0,ro]}. 
Obviously, for r > 0, 

\\Ur\\l = T^-^^\i-Ay/^u\\l + T^u\\l 
Then we can dehne Uq = 0, so Ur £ Tx- Moreover, 

lim sup Cx < lim Dx = E. 

A—>-0+ A—>-0+ 

Proposition 3.4. lim Cx = E. 

A->-0+ 

Proof. It suffices to prove that 

lim inf Cx > E. 

A—>•0+ 

Now, we give the following mountain pass value 

b = inf max Lfyfr)), 

76 TrG[ 0 ,l] 

where T = {7 G ^^([O, : 7 ( 0 ) = 0 , 7 ( 1 ) < O}. It follows from [13, Lemma 3.2] that L 

satisfies the mountain pass geometry. As we can see in [26], b agrees with the least energy level 
of (3.4), i.e., b = E. Note that i^^(x) > 0, x G then 7 (-) = 7 (to-) G T for any 7 G Ta. It 
follows that Cx > b, concluding the proof. □ 

3.4. Proof of Theorem 1.1. Now for a,d> 0, define 

n ■■= {u G : rA(n) < a} 

and 

= |u G : inf ||n - u||, < d| . 

In the following, we will find a solution rt G S''^ of problem (2.2) for sufficiently small A > 0 and 
some 0 < d < 1. The following proposition is crucial to obtain a suitable (PS)-sequence for Ta 
and plays a key role in our proof. 

Proposition 3.5. Let {Aj}T^ be such that limj_^oo Aj = 0 and {ttAi} C with 

lim rAi(ttAi) < E and lim t'a (uaJ = 0. 

2—>-00 2^00 

Then for d small enough, there is uq G S, up to a subsequence, such that ux^ uq in ld*(M^). 

Proof. For convenience, we write A for A*. Since ux G and S is compact, we know {ua} is 
bounded in Ff^(R^). Then by Lemma 2.4 we see that 

lim L{ux) < E and lim L (ux) = 0. 

It follows from [13, Lemma 3.3] that, there is uq G Ff®(M^), up to a subsequence, such that 
Ux —^ ^^0 strongly in Obviously, 0 0 5'^ for d small. This implies that no ^ 0, L{uo) < E 

and L'{uq) = 0. Thus, L{uq) = E, i.e., uq G S. The proof is completed. □ 
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By Proposition 3.5, for small d € (0,1) such that there exist u; > 0, Aq > 0 such that 
(3.6) ||r';,^(u)||s > w for u G P^^ \ A G (0, Aq). 

Similar to [38], we have 

Proposition 3.6. There exists a > 0 such that for small A > 0, 

rA( 7 (T)) > Cx — a implies that 7 (t) G S^, 
where '^{t) = U{-),t G (0,ro]. 

Proof. From Lemma 2.4 and the Pohozaev’s identity. 


Then 


rA(7(T)) 


^ [ 

2 6 / jRa 


lim max r\( 7 (r)) 
A-).0+ tG[0,to] 


/r^ 2s 

max I- 

tg[o,to] V 2 


The conclusion follows. 


|(_A)"/2[/|2 + Ar=^+2*T([/). 


/ |(-a7W = e. 

6 2 J^3 


□ 


Similarly as that in [38], thanks to (3.6) and Proposition 3.6, we can prove the following 
proposition, which assures the existence of a bounded Palais-Smale sequence for P^. 

Proposition 3.7. For A > 0 small enough, there exists {un}n C P^^ n sueh that T'^{un) —)• 0 
as n ^ oo. 


Proof of Theorem 1.1 concluded. It follows from Proposition 3.7 that there exists Aq > 0 
such that for A G (0, Aq), there exists {un} G P^^ with T'^{un) —)• 0 as n —)• oo. Noting that S 
is compact in iL®(M^), we get that {un} is bounded in Assume that Un —>■ ux weakly in 

iL^(M^), then T'^{ux) = 0. It follows from the compactness of S that ux G S'^ and Utin — i^aIU < Sd 
for n large. So ux^ 0 for small d > 0. By Lemma 2.4, 


PA(rin) = rA(nA) + PA(^^n “ U\) + o(l). 

Noting that G 2 {t) > for any r G M, it follows from (3.3) that for some C > 0, 

PA(Mn - Ux) >\ f {\{-A)^/‘^{Un - Ux)f + ^\Un - Ua]^) dx 
2 4 

— C \Un — Uxl"^” dx. 

dR3 

Then by Lemma 2.2, for small d > 0, it is easy to verify that PA('Un — ux) > 0 for large n. So 
Ux G P^^ n with P'^(riA) = 0. Thus ux is a nontrivial solution of (2.2). Finally, by Proposition 
3.5 we can get the asymptotic behavior of ux as A —)• 0+. The proof is completed. □ 


4. The critical case 

In this section, we consider the Schrodinger-Possion system (1.1) in the critical case. First, we 
establish the existence of ground state solutions to the fractional scalar held equation (1.2) with 
a general critical nonlinear term. Then by the perturbation argument, we seek the solutions of 
(1.1) in some neighborhood of the ground states to (1.2). 
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4.1. The limit problem. In this subsection, we use the constraint variational approach to seek 
the ground state solutions of (1.2). Similar argument also can be found in [8,18,37]. Let 

T{u) = - f \i-Ay/^u\^dx, V{u)= [ G{u)dx. 

2 Jm.3 Jrs 

We recall that U is said to be a ground state solution of (1.2) if and only if I{U) = rriQ, where 
mo := inf{/(rt) : u G \ {0} is a solution of (1.2)} and 

I{u) = T{u) - V{u). 

The existence of ground state is reduced to look at the constraint minimization problem 
(4.1) M := : V{u) = l,u£ 

and eventually to remove the Lagrange multiplier by some appropriate scaling. Now, we state 
the main result in this subsection. 

Theorem 4.1. Let s G (0,1) and assume that {H2y-{Hd)' and 
{HO) g G (^(M,]^) and g is odd, i.e., g{—T) = —g{T) for r G M. 

Then (1.2) admits a positive ground state solution. 

Remark 4.2. Since we are concerned the positive solution of (1.2), (HO) can be replaced by 
{HOy : g G (^(M+jM). Moreover, similar to Theorem 4.1, a similar result in R^{N > 2s) also 
can be obtained. 


Proof of Theorem f.l. The proof follows the lines of that in [37]. For the completeness, we give 
the details here. 

Step 1. Let M be given by (4.1) and Ss be the Sobolev best constant in Lemma 2.2 for s G (0,1), 
then we claim that 

0<M< ^(2:)^5,. 

First, we prove that {u G L7®(M^) ■.V{u) = l}y (j). By [14,32], Sg can be achieved by 

3-2s 
2 


Us{x) = K£~ 




2\ 

to 

X 

1 

1 




/ 


for any e > 0, where n G R, g > 0 are fixed constants. Let ip G (^“(R^) is a cut-off function with 
support B 2 such that y? = 1 on i?i and 0 < (/9 < 1 on B 2 , where := {a; G R^ : [x] < r}. Let 
ysfx) = ip{x)Ug{x), it follows from [32] that 

2^ ^ — c3/(2s) I / If |2 — ^*3/(25) | ^3—2s\ 

Let 


f = ^3/(2.) ^ f |(_A)"/2^^|2 = ^3/(2.) ^ ^^^3 

Jr3 Jk3 


Vg = 


A 


then ]](—A)^/2^^||2 < ' 2 sy 


'Pe\\2t 


p — 1||„, \\q _ 1|L, ||2 
3 e •— W^eWq „ ITe|l2) 

q A 

then by {Hd)' we have I^(ue) > ^ -|- Fg. In the following, we will show that 
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By max{2* — 2,2} < q < 2*, we know that (3 — 2s)q > 3. Then it is easy to know there exist 
C'i(s)) <^ 2 ( 5 ) > 0 such that 


l^> 


1 


‘^e\\2* JBi 


JBi Jo 


(^2 _|_ 7 - 2 ^ 2 1 


dr 


3 (3-28)^ ' 

= 0{e 2 


\Ve\\l < 


A/( 2 s) 


Then, we obtain 


V/ \Usf<C2{s)e^^[‘ 

'elbj Jb2 Jo 

0(e2«), ifs<f; 

= { 0(e2Mni), ifs = |; 
0(e^“^®), if s > |. 


o {3 — 2s)q 

re>0{e^——), ifse(0,i). 




dr 


Noting that max{2* — 2, 2} < 5 < 2*, it is easy to verify that (4.3) is true. Thus, it follows that 
V{v^) > 0 for small e > 0. By a scaling, we get that {u G :V{u) = l}j^ 4>. 

Next, obviously, M G (0,+oo). For small e > 0, V{vi;) > 0, then 


M < 


T{v,) ^ l||(-A)*/V|li ^ ^ + 0{e^-^^) 


{y{ve)y- 


2 < 


— + r 

O* ^ 1 £ 




(i + 2 *r,)^ 


If p > 1, then (1 +< 1 + p{l + ty^Pt, for all t > —1. It follows from (4.3) that 
(1 + Oie^-^y) ^ - 1 < ^(1 + 0(e^-2*))^+^0(e^-2*) < 2*r„ 

for small e > 0, which yields I + 0(e^“^®) < (1 + 2*re)^/^». Then M < ^(2*) ^ Ss- 

Step 2. M can be achieved. Noting that g is odd and the Fractional Polya-Szego inequality [30], 
without loss of generality, we can assume that there exists a positive minimizing sequence 
{un} C such that V{un) = 1 and T{un) —)• M as n —)• 00 . By Lemma 2.2, it is easy to 

know that {un} is bounded in FI®(M^). By Lemma 2.1, we can assume that Un —)• uq weakly in 
iL^(M^), strongly in L'^(M^) and a.e. in Set Vn = Un — uq, then T{un) = T{vn) + T(uo) + o(l), 
and 

2^ 2^ 2^ ^ ^ ^ 

Il'^«'ll2* “ Il'*^n|l2* 4" ll'^o|l2* + *^( 1)5 ll'^ri,||2 = + ll'^o||2 + ®(1)) 

where o(l) —)• 0 as n —)• 00 . Let /(s) = g{s) — + s, then it follows from Lemma 3.2 that 

[ F{Un) = [ F{uo)+ f F{Vn) + o{l). 

Jr3 Jr3 Jr3 

So, V{Un) = V{Vn) + V(Uo) + o(l). 

Next, we prove ug is the minimizer for M. Set Sn = T{vn), Sq = T{uo), V(vn) = A^, V(uq) = Aq, 
we have A^ = 1 — Aq + o(l) and Sn = M — Sq + o(l). Under a scale change, we get that 


T{u) > M{V{u))^, 


( 4 . 4 ) 













12 


J. ZHANG, J.M. DO O, AND M. SQUASSINA 


for all u e and V{u) > 0. By (4.4) we have Aq S [0,1]. If Aq S (0,1), then by (4.4) again, 

M = lim (^o + Sn) 

n—)-oo 

/ , , 3-2s , , 3-2s \ 

> lim M ( (Aq) 3 + (An) 3 ) 

n—>oo \ / 

/ , , 3-2s ^ ^ 3-2s N 

= m(^(Ao)— + (l-Ao) —) 

> M{Xq + 1 — Aq) = M, 


which is a contradiction. On the other hand, if Aq = 0, then Sq = 0, which implies uq = 0. Then 

limsup llunlli* > ( 2 ^)^^ 

n—>-oo ^ 


and 




which is again a contradiction. Then we conclude Aq = 1, i.e., M is achieved by uq. 


Finally, let U{-) = tto(-/cro), where cjo = then 17 is a ground state solution of (1.2). 

The proof is completed. □ 


Remark 4.3. Furthermore, similar as that in [13], if we assume that g G (7^(1^, M) additionally, 
U satisfies the Pohozaev identity 

(4.5) ! \{-^Yl^U\^dx = 2> I G{U)dx. 

2 7 k 3 J^3 

Similar as that in [26,37], U is also a mountain pass solution. 


Let Si be the set of positive radial ground state solutions U of (1.2), then similar to Step 2 in 
the proof of Theorem 4.1, we have the following compactness result. 

Proposition 4.4. Under the assumptions in Theorem 4-1, Si is compact in 77^(M^). 


4.2. Proof of Theorem 1.4. In the following, we are ready to prove Theorem 1.4. Similar to 
Section 3, take U £ Si, let 

Ur{x) = U{-),T > 0, 

r 

then there exists ri > 1 such that I {Ur) < —2 for r > ri. Set 

D\= niax FA(17.r), 

TG[0,ri] 

there exist A 2 > 0 and Ci > 0 such that for any 0 < A < A 2 , 

/ TI'a = {7 e C{[ 0 ,ti],H^{M.^)) : 7(0) = 0,7(ti) = Ur^,\\j{T)\\s < Ci + 1 ,t G [ 0 ,ti]}. 
Then for any A G (0, Ai), we define a min-max value C\\ 

C\= inf niax rA(7(r)). 

7GTx TG[0,ri] 

Similar to Section 3, we have 

Proposition 4.5. lim C\ = lim D\ = m, where m is the least energy of (1-2). 

A->-0+ A—>-0+ 
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Now for a,d > 0, define 

:= {u e : TaN < a} 

and 

Sf = |w £ : inf ||w - i;||, < d| . 

Similar as that in Section 3, for small A > 0 and some 0 < d < 1, we will find a solution u £ Sf 
of (2.2) in the critical case. Similar to [38], we can get the following compactness result, which 
can yield the gradient estimate of Fa . 

Proposition 4.6. Let be such that limj_,.(X) Aj = 0 and {uAi} C Sf with 

lim rAi(ttAi) < m and lim rWttAj = 0. 

2—>-00 2^00 

Then for d small enough, there is ui £ Si, up to a subsequence, such that u\^ —)• ui in 

Proof. For convenience, we write A for A*. Since u\ £ Sf and is compact, we know {ua} is 
bounded in Moreover, up to a subsequence, there exists ui £ Sf such that ux —)• ui 

weakly in a.e. in and ||ua — uijjs < 3d for i large. Then by Lemma 2.4 we see that 

lim I{ux) < m and lim I {ux) = 0. 

2^00 2—>-00 

Then I'{ui) = 0. Obviously, uq ^ 0 if d small. So I{ui) > m. Meanwhile, thanks to Lemma 3.2, 
I{ux) = I{ui) + I{ux — ui) + o(l), then we have 

1 1 * 

I{ux-Ui) = -||UA -Ulll^ - —||UA - Ul||| +o(l) < o(l). 

Then by Lemma 2.2, for d small enough, ux —>• ui strongly in id^(R^). The proof is completed. □ 
By Proposition 4.6, for small d £ (0,1) there exist loi > 0, A 2 S (0, Ai) such that 

(4.6) l|r'A(^^)l|. > for u £ and A £ (0,A2). 

Similar to Section 3, we have 

Proposition 4.7. There exists oi > 0 such that for small A > 0, 

d 

FA( 7 (r)) >C\ — ai implies that 7 (r) £ Sf , 
where 7 (r) = U{-),t £ (0,ri]. 

Proof of Theorem 1.4 concluded. With the help of (4.6) and Proposition 4.7, similarly as 
that in [38], for A > 0 small enough, there exists {un}n C F^^ n Sf such that F'^(tt„) —)• 0 as 
n —)• 00 . Similar as above, there exists ux £ Sf with ux ^ 0 for small d > 0. Moreover, up to 
a subsequence, Un —)• ux weakly in and a.e. in and \\un — ua||s < 3d for n large. 

Furthermore, F(,^(ua) = 0. By Lemma 2.4, 

FA(Mn) = Fa(ma) + FA(Un “ U\) + o(l). 

By {H2)'-{H2))', for some C > 0, 

FA(Un - Ux) >;^ [ (l(-A)^/2(Un - Ua)P + “ ^a]^) dx 

— C \Un — Uxl"^" dx. 
dR3 
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Then by Lemma 2.2, liminf„_j.ooL a( iXn — u\) > 0 for small d > 0. So ux ^ Ci Sf with 
T'^{ux) = 0. Thus ux is a nontrivial solution of (2.2). The asymptotic behavior of ux follows from 
Proposition 4.6. The proof is completed. □ 
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